In this letter we study the Hall conductance for a non-Hermitian Chern insulator and quantitatively describe how the Hall conductance deviates from a quantized value. We show the effects of the non-Hermitian terms on the Hall conductance are two folds. On one hand, it broadens the density-of-state of each band, because of which there always exists a non-universal bulk contribution. On the other hand, it adds decay term to the edge state, because of which the topological contribution also deviates from the quantized Chern number. We provides a simple formula for the topological contribution for a general two-band non-Hermitian Chern insulator, as a non-Hermitian version of the Thouless-Kohmoto-Nightingale-de Nijs formula. It shows that the derivation from quantized value increases either when the strength of the non-Hermitian term increases, or when the momentum dependence of the non-Hermitian term increases. Our results can be directly verified in synthetic non-Hermitian topological systems where the strength of the non-Hermitian terms can be controlled.
In this letter we study the Hall conductance for a non-Hermitian Chern insulator and quantitatively describe how the Hall conductance deviates from a quantized value. We show the effects of the non-Hermitian terms on the Hall conductance are two folds. On one hand, it broadens the density-of-state of each band, because of which there always exists a non-universal bulk contribution. On the other hand, it adds decay term to the edge state, because of which the topological contribution also deviates from the quantized Chern number. We provides a simple formula for the topological contribution for a general two-band non-Hermitian Chern insulator, as a non-Hermitian version of the Thouless-Kohmoto-Nightingale-de Nijs formula. It shows that the derivation from quantized value increases either when the strength of the non-Hermitian term increases, or when the momentum dependence of the non-Hermitian term increases. Our results can be directly verified in synthetic non-Hermitian topological systems where the strength of the non-Hermitian terms can be controlled.
In the past decades, topological band theory has been extensively studied not only in electronic system [1] [2] [3] [4] [5] , but also in synthetic cold atom, photonic and acoustics systems [6] [7] [8] . Nevertheless, an aspect that has only been brought out recently is the interplay between non-Hermitian and topology . In fact, the non-Hermitian nature exists generically in all realization of topological band theory mentioned above. The non-Hermitianess can come from the imaginary part of the self-energy and finite life time of quasi-particles in electronic systems, loss of atoms in cold atom realization, optical gain and loss of photons in photonic realization and the damping of mechanical modes in acoustics systems.
In a Hermitian system, the most profound manifestation of the topological band theory is the quantum Hall effect, which states that the Hall conductance for a gapped band insulator is quantized and equals to the sum of the Chern number of all filled bands. This is expressed as the famous ThoulessKohmoto-Nightingale-de Nijs (TKNN) formula [49] . It can also been shown that the number of gapless edge modes also equals to the net Chern number of all filled band, and because the absence of dissipation for transport through the edge state, the quantized Hall conductance is attributed to the conducting of electrons through these quantized edge modes when bulk is gapped.
So far most study of the non-Hermitian topological band theory focus on solving the Schrödinger equation and obtain properties from the eigen-energies and the eigen-vector of a non-Hermitian Hamiltonian. For instance, the generalization of the "gapped bands" to "separable bands" is based on the distribution of the eigen-energies on the complex plane [27] . The topological invariant defined from eigenenergies that is unique to separable non-Hermitian Hamiltonians is found to protect bulk Fermi arcs [27, 30, 43] , and solving the topologically nontrivial non-Hermitian Hamiltonian with the open boundary condition can lead to boundary modes for separable bands [27, 38] . More interestingly, it is found in some non-Hermitian Hamiltonians the bulk spectrum is extremely sensitive to the boundary condition so that the conventional bulk-edge correspondence can breakdown [16, 18, 28, 34, 35, 37, 38] . The classification of nonHermitian topological Hamiltonian has also been discussed [38] .
In this letter we concentrate on physical observables, in particular, the Hall conductance. We shall first clarify the meaning of "gapped insulator" and we emphasize that a gapped insulator means the density-of-state should be sufficiently small at the chemical potential. Nevertheless, the residual densityof-state inside the "gap" can always give rise to finite bulk contribution to the Hall conductance. Then we work out the formula for the topological contribution of the Hall conductance as a non-Hermitian generalization of TKNN formula, with which we can quantify how the Hall conductance deviates from a quantized value even the topological index defined for non-Hermitian Hamiltonian is a non-zero integer. In another word, unlike the Hermitian case, the existence of quantized edge state does not necessarily lead to a quantized Hall conductance in the non-Hermitian case. Even a nearly quantized Hall conductance requires more strict condition than a non-zero non-Hermitian Chern number, which we will specify as the main results of this work.
Green's function. Let us start with the general discussion of the Green's function for a non-Hermitian HamiltonianĤ. We assume |ϕ 
It can be shown that, as long as i j , we have ϕ
It can be proved thatP 2 i =P i andP iP j = 0 for all i j, which shows thatP i is in fact a projection operator. Furthermore, one can show that iPi =Î. The Hamiltonian can be expressed asĤ = i iPi when there is no degenerate eigen-energies. (6) and (7).
Here we consider the situation that the imaginary parts of all i are negative, which is true for non-Hermitian models that are resulted from coupling the system to an environment [50] . For this case, with these conditions forP i , we can show that the Green's function can be written aŝ
In the Hermitian case, the Lehmann's representation for the Green's function takes the same form as Eq. 3 exceptP i there is defined as |ϕ i ϕ i |, where |ϕ i is normalized eigen-states. Thus, Eq. 3 be viewed as the non-Hermitian version of the Lehmann's representation of the Green's function. To prove this, one only needs to verify that ( −Ĥ)Ĝ R =Î whenĜ R is expressed as Eq. 3, which can follow from straightforward derivation as
where we have usedP iP j = δ i jPi in the last step.
Since the imaginary part of the retarded Green's function has the physical meaning as the density of states, therefore we have the density of state as ρ( ) = −πA( ), and
That is to say, each i contributes a Lorentzian shaped densityof-state centered at Re i and a half-width |Im i |, as shown in Fig. 1 . Suppose all eigen-energies i are separated into different bands labelled by m and for each band the eigen-energies occupy a regime in the complex plane, even though there is no overlap between different regimes, it can not guarantee that the system is gapped. Let us now define for each band m, are well separated, one can find a regime where the densityof-state contributed from all bands is sufficiently small. In another word, because each band is broadened by an energy scale of the imaginary part of the eigen-energies, in order for such a "gap" to be defined, the minimum separation between the real part of the eigen-energies has to be much larger than the typical value of the imaginary part of the eigen-energies.
Hall Conductance. With the expression for the retarded Green's function, we can proceed to discuss the Hall conductance with linear response theory. To be concrete, we focus on a two-band Chern insulator, whose Hamiltonian is written aŝ
). H k is a 2 × 2 matrix with a general form given by [51]
and h k = d k + iγ k , and both
are three component vectors. For each k, the eigen-energies of this matrix is given by
k is in general a complex number and we denote it as λ k = λ In this case, the retarded Green's function is expressed aŝ
s,k as the right/left eigenvector of H k , and |u
By noticing that H k can be written as
whereĥ k is defined as h k /λ k , we can also writê
We define the current operatorĴ α (α = x, y) in this case aŝ
Thus, we introduce the current-current correlation function
where n F ( ) = 1/(e β( −µ) + 1) (β = 1/(k B T )), and the conductance is defined as
With Eq. 10, Eq. 13 and Eq. 14, bothĴ and A( ) used for calculating conductance with Eq. 15 are explicitly known, and it is straightforward to calculate the Hall conductance and we ignore the tedious but straightforward intermediates steps here. Here we only focus on the case that these eigen-energies are separable into two regimes denoted by ± bands. Without loss of generality, we assume that Re 
where
This is the key result of this work. Condition for a Nearly-Quantized Hall Conductance. The formula for the Hall conductance Eq. 17 tells us that the Hall conductance for a non-Hermitian topological Chern insulator is in general not quantized. This by itself is not a surprise, and the reasons are two fold. On one hand, as discussed above, the bulk contribution to the density-of-state is always finite everywhere, which contributes a finite and non-universal Hall conductance denoted by σ B H . We do not include the detail form of these terms because they are quite complicated and depends on all details of the Hamiltonian, but it is included in the numerical calculation presented below. The general trend is that the smaller ρ(µ), the smaller this contribution. Thus, when two bands are sufficiently separated, as discussed above, the contribution from these terms can be strongly suppressed. On the other hand, because the energy for the edge state also possesses an imaginary part which means that the current can decay during the edge transport, because of which each edge state can only give a conductance less than one unit of quantized conductance. This effect is given by the term presented in Eq. 17. The important aspect of our formula Eq. 17 is because it quantitatively characterizes how the contribution to the Hal conductance from the topological edge current deviates from the quantized value due to the non-Hermitian effect.
Let us present a more detailed analysis of Eq. 17. First of all, when the momentum dependence of γ k can be ignored, we have
With Eq. 19 one can show that
where the Berry connection A xy (k) is defined as [27, 35] . Secondly, for the ν k term, because both λ Examples. To illustrate how Hall conductivity deviates from unity when these two conditions above are violated, we take a specified model as follows
In the Hermitian limit γ → 0, the system recovers the model describing the quantum anomalous Hall effect. For 0 < m < 1, σ H = 1, and for −1 < m < 0, σ H = −1. In these two regions, the model describes a topological Chern insulator. For m > 2 and m < −2, σ H = 0 and the model describes a topological trivial insulator. Here f (k) satisfies the constraint | f (k)| ≤ 1, under which the imaginary part of all eigen-values are negative. The Hall conductances for several different cases of this model are calculated and shown in Fig. 2 . We display both the full numerical result for σ H (red solid line) and the topological contribution σ T H (green dashed line) given by formalism Eq. 17, and the difference between them stands for the bulk contribution.
First of all, as we know from the discussion above that a constant f (k) results in a quantized d 2 kΩ xy (k), therefore we first consider the f (k) = 1 case. In Fig. 2(a) we show the Hall conductance as a function of m in the presence of a small γ = 0.05. One can see that σ T H still displays a nearly quantized Hall conductance when m is away from the topological transition point in the Hermitian limit, i.e. m = 0, ±2, and the change from σ T H = 0 to σ T H = ±1 is a smooth crossover rather than a sharp jump. The bulk contribution is most significant when m is within ±γ of m = 0, ±2, when the system is not gapped according our definition based on the density-of-state.
In Fig. 2(b) we fix f (k) = 1 and m = 1 and show how the Hall conductance depends on γ. One can see that on one hand, the topological contribution σ T H decreases as γ increases. This is because although d 2 kΩ xy (k) remains quantized, ν k becomes smaller as γ increases. On the other hand, we can also see that the bulk contribution also increases when γ increases. In the inset of Fig. 2(b) , we show that for small γ, both σ H and σ T H deviate from unity linearly with γ. Finally, we show that the k dependence in γ k can affect the quantization of d 2 kΩ xy (k), and therefore, a stronger momentum dependence of γ(k) will lead to a larger deviation of σ T H from a quantized value. Here we take f (k) = 1 − (sin(ak x ) + sin(ak y ))/2, and the increase of a increases the momentum dependence of γ k . In Fig. 2 (c) we show that σ T H decreases when a increases and γ is fixed. On the other hand, because the overall strength of the non-Hermitian part does not increases and the typical energy scale of the imaginary part of eigen-energies does not increase with the increasing of a, the bulk contribution does not increase.
Conclusions. In summary, this work quantifies how the Hall conductance of a non-Hermitian Chern insulator deviates from quantized value even when the non-Hermitian Chern number is quantized. The Hall conductance in general contains the bulk contribution and the topological contribution. The bulk contribution is non-universal and increases with the increasing of the strength of the non-Hermitian terms, because it increases the density-of-state inside the gap. We present a non-Hermitian version of the Thouless-KohmotoNightingale-de Nijs formula that shows that the topological contribution deviates from quantized value either when the strength of the non-Hermitian terms increases, because it increases the decay of edge modes, or when the momentum dependence of the non-Hermitian terms increases. As the nonHermitian terms can be controlled in many synthetic topological systems, our results can be directly verified in experiments in near future.
